Introduction
Keller (6) considered a generalisation of a problem of Minkowski (7) concerning the filling of R" by congruent cubes. Hajos (4) reduced Minkowski's conjecture to a problem concerning the factorization of finite abelian groups and then solved this problem. In a similar manner Hajos (5) reduced Keller's conjecture to a problem in the factorization of finite abelian groups, but this problem remains unsolved, in general. It occurs also as Problem 80 in Fuchs (3). Seitz (10) has obtained a solution for cyclic groups of prime power order. In this paper we present a solution for cyclic groups whose order is the product of two prime powers.
Throughout the paper we shall be dealing with finite abelian groups using the additive notation. If A u ..., A k are subsets of such a group G and if each g G G can be expressed uniquely as g = 2a,, a, G A h then we write G = A t + A 2 + • • • + A k and call this a factorization of G. We shall assume 0 E A h for each /, since the subsets {A,} give rise to such a factorization of G if and only if the subsets {g,-+ A;} do so also, for any elements g, G G. We denote the order of A-, by |v4,| and, to avoid trivial cases, assume |/4,| > 1 for each i. If A is a subset of G we define 
Preliminaries
Let G be a cyclic group of order n with generator g. Let M be an irreducible representation of G. Let p be an nth primitive root of unity. Then M(g) = p d for some If
We need a generalisation of Theorem 2 of de Bruijn (1). Let n = km. We define
Let p, q be distinct primes and n = p e q f .
Lemma. Let A(x) be a polynomial with non-negative integer coefficients and degree less than n. Let F n (x), F n / P (x),..., F nlp '^{x) divide A(x) where r-\<e. Then there exist polynomials P(x) and Q(x) with non-negative integer coefficients such that A(x) = P(x)G ny (x)+Q(x)G n , q (x).
Proof. The case r = 1 is Theorem 2 of (1). We proceed by induction on r. Since
we may assume the existence of polynomials P\(x), Qi(x) with non-negative integer coefficients such that
. By Theorem 2 of (1) there exist polynomials P(x) and Q 2 (*) with non-negative integer coefficients such that
Substituting for P\(x) we have
The result follows by induction.
In the case r -1 = e a simpler result holds, since (x) , and, from considerations of degree, it is clear that Q(x) has non-negative integer coefficients. Proof. We may assume that each «, is prime and so, since |A,| divides \G\, equal to either p or q. Let n = p'q 1 . We proceed by induction on n. Let g be a generator of G. We know that for d\n, d>\,
Suppose first that F n (x) divides A,(x). By Theorem 2 of (1)
where P(x), Q(x) have non-negative integral coefficients. Substituting x = 1 we have
If n, = p we have P(l) = 1, Q(l) = 0; if n, = q we have P(l) = 0, Q(l) = 1. It follows that A,{x) = G n-P (x) or G n ,,(x) and so that n,a, = 0 £ B -B.
Thus we may suppose that There remains the case where F n (x), F^p(x),..., Fi/ P^( x) divide B(x). This leads again to B(x) = Q(x)G n<? (x) and as above, using the inductive assumption, we have nfl, G B -B for some ;.
Further results on the factorization of cyclic groups
The first result here is essentially the cyclic case of the Corollary to Satz 5 of Redei (8) . In (9) it is conjectured for finite abelian groups G that, if G = A + B, then A and B cannot both generate Gt. This conjecture is known to be true for 'good' groups. The previous result enables us to prove it for cyclic groups of order p'q f . D (B + g) ) for each g G.G. Assuming that the conjecture holds true he is able to deduce, from a knowledge of the factorizations of the proper subgroups of G, rather complicated formulae giving all factorizations of any cyclic group G.
